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INTEGRAL RICCI CURVATURE BOUNDS FOR POSSIBLY COLLAPSED
SPACES WITH RICCI CURVATURE BOUNDED FROM BELOW
MICHAEL SMITH
ABSTRACT. Assuming a lower bound on the Ricci curvature of a complete Riemannian
manifold, for p < 1/2 we show the existence of bounds on the local Lp norm of the Ricci
curvature that depend only on the dimension and which improve with volume collapse.
1. INTRODUCTION
The main result of this paper is the following:
Theorem 1.1. Let (Mn,g) be a complete Riemannian manifold and p0 ∈M. Assume the
Ricci curvature satisfies Ric≥−1 on the ball B(p0,5). Then for any 0 < ε < 1/2 there is
a C =C(ε,n) such that
||Ric||
1
2−ε
L1/2−ε (B(p0,1))
≤CVol(B(p0,1))
2ε
Where the norm is defined as
|| f ||
L1/2−ε (B(p0,1))
:=
(∫
BR(p0,1)
( f )
1
2−εdvol
) 1
1/2−ε
Note that the bound does not deteriorate as volume collapses. Petrunin [1] obtains an
integral bound for the scalar curvature assuming a lower bound on the sectional curvature
which also holds in the collapsed setting, and Cheeger and Naber [2] obtain integral bounds
for the full Riemann curvature tensor for p< 2 assuming both upper and lower bounds on
the Ricci curvature, but with the assumption that the volume is sufficiently noncollapsed.
The idea of the proof is the following: we show that we can achieve a similar bound to
that in theorem 1.1 for the Ricci curvature along a geodesic. i.e.
Lemma 1.1. Let Mn a Riemannian manifold. Let γ : [0, l]→ M a minimizing geodesic
parametrized by arc-length with l ≤ 2, and assume that Ric≥−1 on the image of γ . Then∫ l
0
|Ric(γ ′(t),γ ′(t))|
1
2−εdt ≤C(ε)
With lemma 1.1 in mind, we define a class of sufficiently long geodesics and show, in
some sense to be clarified after the notation is fixed (proposition 1.3 below), that if the
volume of B(p0,1) is small, there cannot be too many of these geodesics. Conversely
(proposition 1.4) we show (with an added diameter assumption which will not play a sig-
nificant role in our main goal) that if the volume is not too small then there is a good amount
of these geodesics. We use these two relationships to deduce theorem 1.1 assuming lemma
1.1. The proof of lemma 1.1 is saved for after the proof of theorem 1.1.
1
2 MICHAEL SMITH
2. NOTATION AND PRELIMINARIES
Let (Mn,g) be an n-dimensional complete Riemannian manifold and TM its tangent
bundle. Let SM be the sub-bundle of unit length vectors. We use the notation u = (p,v) ∈
TM (or SM), where p∈M and v∈ TpM, to identify an arbitrary point in TM. Furthermore,
we take for granted the inclusion TpM ⊂ TM, so that we can for example take U ∈ TM,
define V :=U ∩TpM and think of V as a set of vectors in the tangent space at p. Ignoring
this detail greatly simplifies notation. There is an obvious identification T(p,v)TM= TpM⊕
TpM and we let X be the vector field on TM such that X(p,v) = (v,0). Let φ : R×TM→
TM the geodesic flow on TM and φ |t the flow restricted to time t, i.e.
d
dt
φ(t0, p) = X(φ(t0, p))
and
φ |t(p) = φ(t, p)
It is a fact that, with respect to the Liouville measure, the geodesic flow preserves volume
over SM. Therefore, for an open set U ⊂ SM and t ∈ R, we can express the integral of a
function f : SM→R over the subset φ |t (U) as follows:∫
φ |t(U)
f (u)du =
∫
U
(φ |∗t f )(u)du
=
∫
pi(U)
∫
SpM∩U
f (φ |t (u))dpu dp(1)
where du is the Liouville measure on SM, pi : SM→M is the usual projection, dp expresses
the volume form in M, and dpu is the Lebesgue measure on SpM, i.e. it locally satisfies
dpu× dp= du. Let
seg(p) := {v ∈ TpM| expp(tv) : [0,1]→M is minimizing}
be the segment domain and
seg0(p) := {tv| 0< t < 1,v ∈ seg(p)}
Define
Wt,p := {v ∈ SpM| tv ∈ seg0(p)}
This is the collection of unit vectors based at p whose corresponding geodesics, when
parameterized by unit speed, are minimizing on the interval [0, t].
To avoid complicating notation, we fix an arbitrary p0 ∈M now and define
Wt :=
⋃
p∈B(p0,3)
Wt,p(2)
Where, as mentioned above, we take for granted the inclusionWt,p ⊂ SM. Wt can of course
be defined for any p0 ∈ M this way, so when this notation appears below in the proofs,
we understand that it has been defined for the appropriate, arbitrarily chosen p0 occurring
there. Observe that
∫
φ |t(Wt)
f (u)du=
∫
Wt
(φ |∗t f )(u)du
=
∫
B(p0,3)
∫
Wt,p
f (γu(t)) dpu dp(3)
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for u= (p,v) ∈ SM, let
R(u) := |Ric(v,v)|
Note that R is a function defined on the unit tangent bundle SM, and does not denote, as
R often does, the scalar curvature on M. Let Ricp denote the Ricci tensor at p ∈ M and
|Ric|(p) denote its magnitude, i.e.
|Ric|(p) :=< Ricp,Ricp >
1
2
For u ∈ SM, let β (u) denote the distance to the cut locus in the direction of u, i.e.
β (u) := sup{t > 0|tv ∈ seg(p)}
For k > 0 let βk(u) := min{β (u),k}.
For every p ∈M, let vp ∈ SpM be an eigenvector corresponding to the largest (in abso-
lute value) eigenvalue of Ricp. Keep in mind the relation
|Ricp(vp,vp)| ≥
1
n
|Ric|(p)
Now let µ > 0 be a small constant whose exact value will be determined later. let
Sp,µ := {v ∈ SpM ||g(v,vp)|> µ}
which we think of this set as those unit vectors which point ”roughly” along the same line
as vp. For v ∈ Sp,µ ,
|Ricp(v,v)| ≥
µ2
n
|Ric|(p)
Observe that for all p ∈M
(4) dpu(SpM\Sp,µ)≤C1µ
for some constantC1 depending only on the dimension. Finally, let Sµ be the union of Sp,µ
over all p ∈M.
With the notation clarified, we now state the relationships between sufficiently long mini-
mizing geodesics and volume mentioned in the introduction. We save their proofs for after
the proof of theorem 1.1. It may be useful throughout to keep in mind that, by the Bishop
Gromov volume comparison [3 ch. 9, lemma 36], for any r1,r2 > 0, a termC1Vol(B(p0,r1)
appearing in an inequality can always be replaced by a term C2Vol(B(p0,r2)) for suitable
C2 depending on the ratio r1/r2 (In particular it is more or less inconsequential that the
radii in propositions 1.3 and 1.4 are different, so long as their ratio is bounded away from
zero and infinity).
Lemma 2.1. let (Mn,g) be a Riemannian manifold. Assume p0 ∈M is given and the set
W1 is defined as in (2) in the preliminaries, then
Vol(W1)≤C1(n)Vol(B(p0,5))
2
for some C1(n) depending only on the dimension.
Lemma 2.2. Let (Mn,g) be a Riemannianmanifold. Assume p0 ∈M is given and the setW1
is defined as in (2) in the preliminaries and assume the diameter diam(M,g) of M satisfies
diam(M,g)≥ 6. Then there exist µ(V ),δ (V )> 0, depending on V := vol(B(p0,2)) and n,
such that for all p ∈ B(p0,2),
dpu(φ |t(Wt)∩Sp,µ)> δ (V )
for all 1< t < 2. Furthermore,
µ(V )≥ c2(n)V
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δ (V )≥ c3(n)V
for c1(n),c2(n) depending only on the dimension.
(we will later ignore the dependence on V and write δ = δ (V ) etc.)
3. PROOF OF THEOREM 1.1 ASSUMING LEMMAS 1.1, 2.1, 2.2
Proof. we first argue why we can assume diam(M,g) ≥ 6. Assume R := 6
diam(M,g) > 1.
Define the rescaled manifold (M,gR), where gR(·, ·) := R
2g(·, ·). Let RicR, BR(p0,r) and
dRp denote the Ricci curvature, r-ball and volume form respectively, each with respect
to gR. Note that, because R > 1, we preserve the condition Ric ≥ −1 for the rescaled
manifold.
||RicR||
1
2−ε
L1/2−ε (BR(p0,R))
=
∫
BR(p0,R)
(|RicR|(p))
1
2−εdRp
=
∫
B(p0,1)
(R−2)
1
2−ε(|Ric|(p))
1
2−εRndp
= Rn−1+2ε ||Ric||
1
2−ε
L1/2−ε (B(p0,1))
so that
||Ric||
1
2−ε
L1/2−ε(B(p0,1))
≤ R−n+1−2ε ||RicR||
1
2−ε
L1/2−ε (BR(p0,R))
Now, we can cover BR(p0,6) with K-many balls BR(pi,1), where K only depends on the
dimension and a lower bound on the Ricci curvature, and so assuming we have proven the
theorem for the case diam(M,g) ≥ 6, and using the Bishop-Gromov volume comparison,
it follows that
||Ric||
1
2−ε
L1/2−ε(B(p0,1))
≤ R−n+1−2ε ·∑ ||RicR||
1
2−ε
L1/2−ε (BR(pi,1))
≤ R−n+1−2ε ·KC(n) ·VolR(BR(pi,1))
2ε
≤ R−n+1−2ε ·C′(n) ·VolR(BR(p0,1))
2ε
≤ R−n+1−2ε ·C′′(n) ·VolR(BR(p0,R))
2ε
= R−n+1−2ε ·C′′(n) ·R2εnVol(B(p0,1))
2ε
≤C′′(n)Vol(B(p0,1))
2ε
where the last line follows because R> 1, n ≥ 2 and ε < 1/2. Now, with the assumption
that the diameter ofM satisfies diam(M,g)≥ 6, we assume lemmas 1.1, 2.1, and 2.2 hold.
Firstly, for 1< t < 2 we have
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∫
B(p0,3)
∫
Wt,p
R(φ |t(u))
1
2−εdpu dp=
∫
Wt
R(φ |t (u))
1
2−εdu
=
∫
φ |t(Wt )
R(u)
1
2−εdu
≥
∫
φ |t(Wt )
⋂
Sµ
R(u)
1
2−εdu
=
∫
M
∫
φ |t(Wt)∩Sp,µ
R(p,v)
1
2−εdpu dp
≥
∫
B(p0,1)
∫
φ |t(Wt)∩Sp,µ
R(p,v)
1
2−εdpu dp
≥
∫
B(p0,1)
∫
φ |t(Wt)∩Sp,µ
(
µ2
n
|Ric|(p))
1
2−εdpu dp
≥
∫
B(p0,1)
δ (
µ2
n
)
1
2−ε(|Ric|(p))
1
2−εdp
≥ δ (
µ2
n
)
1
2−ε ||Ric||
1
2−ε
L1/2−ε (B(p0,1))
≥ cVol(B(p0,1))
2−2ε ||Ric||
1
2−ε
L1/2−ε (B(p0,1))
(5)
where we have used µ = µ(V ) and δ = δ (V ) as in lemma 2.2 to determine c> 0.
Because this holds for all 1< t < 2, we similarly obtain
∫ 2
1
∫
B(p0,3)
∫
Wt,p
R(φ |t (u))dpu dt dp≥
∫ 2
1
cVol(B(p0,1))
2−2ε ||Ric||
1
2−ε
L1/2−ε(B(p0,1))
dt(6)
≥ cVol(B(p0,1))
2−2ε ||Ric||
1
2−ε
L1/2−ε (B(p0,1))
We obtain an upper bound for the term on the left as follows. By Fubini’s theorem,
lemmas 1.1 and 2.1 and the assumption that Ric≥−1 on B(p0,5),
∫ 2
1
∫
B(p0,3)
∫
Wt,p
R(φ |t (u))
1
2−εdpu dt dp=
∫
B(p0,3)
∫
W1,p
∫ β2(u)
1
R(φ |t(u))
1
2−εdt dpu dp
≤
∫
B(p0,3)
∫
W1,p
C(ε) dpu dp
≤C(ε)Vol(W1)
≤C(ε)Vol(B(p0,5))
2
≤C′(ε)Vol(B(p0,1))
2
It finally follows that
cVol(B(p0,1))
2−2ε ||Ric||
1
2−ε
L1/2−ε (B(p0,1))
≤C′(ε)Vol(B(p0,1))
2
which is theorem 1.1. 
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4. PROOFS OF LEMMAS 1.1, 2.1, 2.2
Proof of lemma 1.1. Along a geodesic γ parametrized by arc length, chooseE1(t), ...,En−1(t)
to be orthonormal parallel vector fields along γ that are perpendicular to γ ′. If h is a non-
negative continuously differentiable function, by the second variation formula,
0≤
∫ l
0
(h′(t))2dt−
∫ l
0
(h2sec(γ ′(t),Ei(t)))dt
Summing over i= 1, ...,n− 1 gives
(7)
∫ l
0
h(t)2Ric(γ ′(t),γ ′(t))dt ≤ (n− 1)
∫ l
0
(h′(t))2dt
LetRic+(·, ·) :=max{Ric(·, ·),0} and Ric−(·, ·) :=−min{Ric(·, ·),0}. By assumptionRic−≤
1. Therefore, we only need to show
∫ l
0
Ric+(γ
′(t),γ ′(t))
1
2−εdt ≤C(ε)
to complete the proof. It follows from (7) that
0≤
∫ l
0
h(t)2Ric+(γ
′(t),γ ′(t))dt
≤ (n− 1)
∫ l
0
(h′(t))2dt+
∫ l
0
Ric−(γ
′(t),γ ′(t))dt
≤ (n− 1)
∫ l
0
(h′(t))2dt+ 2(8)
since l ≤ 2. Define hl(t) := t on [0, l/2], and hl(t) := (l/2− t) on [l/2, l], modified in
[l/4,3l/4] so that the resulting function is smooth on [0, l] and preserving both that |hl |>
l/4 and |h′l | ≤ 1 hold within [l/4,3l/4]. For fixed µ > 0, using (8) and the construction of
hl
∫ l
0
hl(t)
1+µRic+(γ
′(t),γ ′(t))dt =
∫ l
0
(
hl(t)
1+µ
2
)2
Ric+(γ
′(t),γ ′(t))dt
≤ (n− 1)
∫ l
0
(
(
1+ µ
2
)h
−
1+µ
2
l h
′
l(t)
)2
dt+ 2
= (n− 1)
∫ l/4
0
(
(
1+ µ
2
)h
− 1+µ2
l h
′
l(t)
)2
dt
+(n− 1)
∫ 3l/4
l/4
(
(
1+ µ
2
)h
− 1+µ2
l h
′
l(t)
)2
dt+ 2
+(n− 1)
∫ l
3l/4
(
(
1+ µ
2
)h
− 1+µ2
l
h′l(t)
)2
dt
≤ 2(n− 1)
(1+ µ)2
4
∫ l/4
0
t−1+µdt+C
<C(ε)
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Let 0 < ε < 1/2 be given. Using Ho¨lder’s inequality with exponents p = 2
1−2ε and
q= 2
1+2ε gives
∫ l
0
Ric+(γ
′(t),γ ′(t))
1
2−ε =
∫ l
0
hl(t)
1−ε
2
hl(t)
1−ε
2
Ric+(γ
′(t),γ ′(t))
1
2−εdt
≤
(∫ l
0
hl(t)
1−ε
1−2ε Ric+(γ
′(t),γ ′(t))dt
)1/p(∫ l
0
hl(t)
ε−1
1+2ε dt
)1/q
=
(∫ l
0
hl(t)
1+µRic+(γ
′(t),γ ′(t))dt
)1/p(∫ l
0
hl(t)
ε−1
1+2ε dt
)1/q
≤C(ε)
(∫ l
0
hl(t)
ε−1
1+2ε dt
)1/q
≤C(ε)
(∫ l
0
t
ε−1
1+2ε dt
)1/q
≤C′(ε)
Where we have chosen µ to satisfy 1+ µ = 1−ε
1−2ε .

Fix u= (p,v) ∈ SM. u determines a minimizing geodesic γv : [0, l]→M parameterized
by unit speed for some l > 0. In exponential coordinates based at p = γv(0), the volume
form can be expressed as
f (t,v)dt ∧dv
where t represents the radial coordinate and v ∈ SM determines a direction in Sn−1. Re-
stricting to our fixed v, this determines a function fv(t) for 0< t < l, which we think of as
the magnitude of the volume form along γ starting from p. By volume comparison and our
curvature assumption, this function cannot be larger than the corresponding function for a
manifold of constant curvature equal to -1. It can, however, be much smaller.
If we consider instead a new starting point along γv, say γv(s) for some s < l, we can let
v¯ := γ ′v(s) and consider the magnitude of the volume form in exponential coordinates along
γv¯ based at γv¯(0) = γv(s). This defines a new function fv¯(t) for 0 < t < l− s in the same
fashion as above. In this way, we can examine the magnitude of the volume form along
any minimizing geodesic starting from any base point along that geodesic. Accordingly,
we define F : SM×R+→R so that it satisfies, for a given u=(p,v)∈ SM and t ∈ (0,β (u))
F(u, t) := fv(t)
We will use the following, lemma 9 from [4], which says that on average, the function
determined in this way cannot be too small.
Lemma 4.1. Let (Mn,g) be a complete Riemannian manifold and u ∈ SM. Then for every
l ≤ β (u) (the distance to the cut locus in the direction of u):
∫ l
0
∫ l−t
0
F(φ |t (u),s)ds dt ≥C(n)
ln+1
pin+1
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Where F(u,s) restricted to SpM×R+ is the magnitude of the volume form in exponential
coordinates on M, i.e. it satisfies∫
SpM
∫ β (u)
0
F(u,s)ds dv=Vol(M)(9)
Proof of lemma 2.1. The following inequality follows directly from the lemma,∫ 1
0
∫
B(p0,3)
∫
W1,p
∫ 1−t
0
F(φ |t (u),s)ds dpu dp dt
=
∫
B(p0,3)
∫
W1,p
∫ 1
0
∫ 1−t
0
F(φ |t (u),s)ds dt dpu dp
≥
∫
B(p0,3)
∫
W1,p
c dpu dp
≥ cVol(W1)
We also have ∫
B(p0,4)
∫
SpM
∫ β1(u)
0
F(u,s)ds dpu dp≤Vol(B(p0,5)
2
which is clear from the definition of F and β1, and from (9). It then follows that∫ 1
0
∫
B(p0,3)
∫
W1,p
∫ 1−t
0
F(φ |t (u),s)ds dpu dp dt
=
∫ 1
0
∫
W1
∫ 1−t
0
F(φ |t(u),s)ds du dt
=
∫ 1
0
∫
φ |t (W1)
∫ 1−t
0
F(u,s)ds du dt
≤
∫ 1
0
∫
B(p0,4)
∫
SpM
∫ β1(u)
0
F(u,s)ds dpu dp dt
≤CVol(B(p0,5))
2
The second to last line follows since all elements u= (p,up) ∈W1 correspond to vectors v
of magnitude |v|= 1 based at some p ∈ B(p0,3). Therefore, the image under the geodesic
flow at time t of such an element is (q,uq) for some uq with |uq| = 1 based at q for some
q ∈ B(p0,4) if t < 1.
The two inequalities give the desired result. 
Proof of lemma 2.2. Notice that for all p ∈ B(p0,2) and v ∈Wt,p, for 1 < t < 2, (p,−v) ∈
φ |t(Wt)∩ SpM, which is clear by reparameterizing the relevant geodesics to go in the op-
posite direction. Therefore,
dpu(Wt,p)≥ 2δ
implies
dpu(φ |t(Wt)∩SpM)≥ 2δ
Therefore, if we let µ := δ
C1
withC1 as in (4), then
dpu(φ |t (Wt)∩Sp,µ) = dpu(φ |t(Wt)∩SpM)− dpu(φ |t(Wt)∩ (SpM\Sp,µ))≥ 2δ − δ ≥ δ
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Therefore we only need to show
dpu(Wt,p)≥ δ
with δ1 on the order of Vol(B(p0,2)) to complete the proof. Furthermore, observe that if
we show the result for t = 2, it immediately follows for t < 2.
For any p ∈ B(p0,5)
Vol(B(p,10))≥ vol(B(p0,5))
and therefore, by Bishop-Gromov volume comparison,
Vol(B(p,1))≥C(n)vol(B(p0,2))
By the diameter assumption on M, for any p ∈ B(p0,2) there exists q ∈ B(p0,5) such that
d(p,q) = 3. We must similarly have
Vol(B(q,1))≥C(n)Vol(B(p,4)≥C(n)vol(B(p0,2))
But, once more using Bishop-Gromov and letting V n−1 denote the volume of the sphere of
radius 1 in n-dimensional hyperbolic space, this implies
2 ·4nV n−1vol(W2,p)≥
∫ β2(x)
2
∫
1
2W2,p
F(u,s)dpu ds
≥Vol(B(q,1))
implying
W2,p ≥CVol(B(p0,2)) =: 2δ
where F is defined in the proof of lemma 2.1.

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